Abstract. It is shown that the multiplicative independence of Dedekind zeta functions of abelian fields is equivalent to their functional independence. We also give all the possible multiplicative dependence relations for any set of Dedekind zeta functions of abelian fields.
In this paper we consider the problem of the multiplicative and, more generally, functional independence of Dedekind zeta functions for abelian fields. As in the paper of Voronin [6] , we say that the complex functions f j (j = 1, . . . , m) of a complex variable are functionally independent if for any continuous functions Using the functional independence of Dirichlet L-functions for non-equivalent characters, proved by Voronin (see Corollary 1 in [4] ), we shall prove the equivalence of the multiplicative and functional independence for Dedekind zeta functions.
We shall give necessary and sufficient conditions for a set of Dedekind zeta functions of abelian fields to be functionally independent. Also, for any set of Dedekind zeta functions of abelian fields, we give all the possible integers a 1 , . . . , a n appearing in any multiplicative dependence relation for those functions.
Following the book of L. C. Washington [7] we shall use the correspondence between subfields of an abelian field and subgroups of the group of Dirichlet characters associated with this field.
Let L 1 , . . . , L m be abelian fields and L their compositum. Then there exists a minimal integer r such that L ⊆ Q(ζ r ), where ζ r is a primitive rth root of unity. Let X = {χ 1 , . . . , χ n } be the group of Dirichlet characters associated with the field L and X 1 , . . . , X m the subgroups of X associated with L 1 , . . . , L m respectively. Now, for any j = 1, . . . , m and k = 1, . . . , n, we put ε jk = 1 when χ k ∈ X j and ε jk = 0 otherwise. Thus, for all j, we have
k , and ζ L j is the Dedekind zeta function for L j . Now we prove Theorem 1. The following conditions are equivalent:
Proof. (i)⇔(ii). Suppose that rank [ε jk ] = m and for some integers a j ,
Then we have
ε jk a j and, by the functional independence of Dirichlet L-functions, we obtain (ii)⇒(iii). Now assume that ζ L 1 , . . . , ζ L m are multiplicatively independent and suppose that for continuous functions
for any s. For any l we put G l = F l • P : C n → C, where P = (P 1 , . . . , P m ) :
Thus we may rewrite (3) as 
where 
and observe that [ε kn j ] is the identity m×m matrix, after some permutation of rows. This, by Theorem 1(i), proves (i).
(ii) As the associated groups of characters X j satisfy X i ∩ X j = {1} for any i = j, the condition of (i) of our corollary is satisfied.
(
and again using (i) we obtain (iii).
In order to give all the possible integers a j occurring in a dependence relation (1) we introduce some notation.
Let G be the Galois group of an extension L ⊇ Q, and L H the subfield of L corresponding to a subgroup H of G by Galois theory. We also put
where H is a subgroup of G and ZG denotes the group ring of G over Z. Now we prove may be used to convert (4) into the character relation
g. the book of J. Neukirch [4] ), the above equation gives us the required dependence relation.
The above equality, (6) and (7) (5) are important because they lead to the so-called class number relations (see e.g. [1] , [3] ).
(ii) Equalities in ZG of the form (4) are called norm relations and have been studied by Rehm in [5] , where he gives a base for the Z-module of norm relations for any finite group.
(iii) It seems that analogous assertions should be true for nonabelian fields.
